I. INTRODUCTION
More than fifty years have passed since it was predicted that extremely strong magnetic fields up to B = 10 14 − 10 16 G (B ∼ 4 × 10 4−6 a.u.), which by far beyond those can be reach in the laboratory, could exist, as effect of the magnetic field flux compression, in the neutron star remnant of a supernova explosion [1] (see also [2] [3] [4] ). As for magnetized white dwarfs the surface magnetic field can reach B ∼ 10 9 G (see e.g. [5] and references therein). Soon afterwards it was recognized that the structure of atoms and molecules might be qualitatively different under strong magnetic fields B B 0 (B 0 = 1 a.u. ≡ 2.35 × 10 9 G) [6] [7] [8] and molecular systems has been studied. Naturally, the hydrogen atom H and the hydrogen molecular ion H + 2 are the most studied systems, see e.g. [9] and [10] , and references therein, respectively. The first quantitative study of the H 2 molecule was carried out by one of the authors at 1983 (see [11] ). In the majority of studies of molecules and molecular ions all non-adiabatic terms in the Hamiltonian are neglected by assuming an infinite nuclear mass (what is usually called Born-Oppenheimer (BO) approximation of zeroth order). The fact is that in both H and H + 2 systems the binding energy grows dramatically with an increase of the magnetic field strength. Other simple (traditional and exotic) compounds mainly formed by protons and/or α-particles (helium nuclei) and one-two electrons have been studied to a certain degree (for discussion, see [10] for one electron systems, and [12] for two electron systems).
Recently, a detailed study of the H + 2 molecular ion in inclined configuration (when the molecular axis and the magnetic line form some angle) was carried out for intermediate and strong magnetic fields [10, 13] . It was shown that for the ground state the optimal configuration is always parallel, when the molecular axis and magnetic field direction coincide. The spectra of rovibrational states was exhaustively studied.
As for H 2 molecule it was found long ago that the minimal energy (ground) state evolves with magnetic field strength being realized by different states depending on the strength of the magnetic field [14, 15] and references therein. At zero and small magnetic fields the H 2 ground state is realized by the spin-singlet S = 0, 1 Σ g state in parallel configuration, but with the magnetic field strength increase at B 0.2 a.u. the ground state changes to a spin-triplet S = 1, 3 Σ u which is the repulsive state (!) [14] . It corresponds to two hydrogen atoms are large distances with electron spins antiparallel to the magnetic field, hence, the hydrogen molecule does not exist as a compact system. However, for stronger magnetic in weak and intermediate magnetic fields [13] . Atomic units will be used through the text.
II. THE HAMILTONIAN AND GENERALITIES
We consider the Hydrogen molecule H 2 interacting with an external magnetic field B. The origin of coordinates is chosen in the midpoint of the line connecting the nuclei (molecular axis). The molecular axis in turn forms an angle θ with respect to the magnetic field direction (chosen to coincide with the z-axis). A convenient gauge which describes a magnetic field oriented parallel to the z−axis, is the linear gaugê
where ξ is a parameter. If ξ = 0 the linear gauge is reduced to the Landau gauge, and if ξ = 1/2 then the symmetric gauge is obtained. In approximate variational calculations the parameter ξ is considered as an extra variational parameter.
Since the nucleus mass is by far larger than the electron mass, we can neglect all nonadiabatic coupling terms in the Hamiltonian to obtain the order zero BO approximation.
Thus, the electronic Hamiltonian in atomic units ( = m e = c = 1) is given bŷ
where ∇ i is the Laplacian operator with respect to the coordinates of the i−th electron r = (x i , y i , z i ), r ia,ib are the distances from the i−th electron to the nucleus a or b, respectively, r ij is the distance between the electrons and R is the distance between the nuclei. As usual, the contribution to the energy due to the Coulomb interaction between the nuclei (1/R) is treated classically. Hence, R is considered an external parameter. In the particular case
• the component of the angular momentum in the z−axis is conserved.
Finally, the nuclear motion can be treated as vibrations and rotations following the BO approximation with the electronic energy acting as the potential.
III. THE TRIAL FUNCTION
Following physical relevance arguments (see, e.g. [17] ) we designed an spatial trial function which is a product of Landau orbitals, Coulomb orbitals and a correlation term in exponential form:
where α ka,kb , β kx , β ky with k = 1, 2 as well as α 12 are variational parameters. In (3) the variational parameters α ka , α kb (k = 1, 2) have the meaning of screening (or anti-screening) factors (charges) for the nucleus a, b respectively, as it is seen from the k-th electron. The variational parameters β kx , β ky account for the screening (or anti-screening) factors for the magnetic field seen from k-th electron in x, y direction respectively, and the parameter α 12
"measures" the screening (or anti-screening) of the electron correlation interaction. This spatial function reproduces adequately the behavior of the electrons near the Coulomb singularities and the harmonic oscillator at long distances arising from the magnetic field. In a certain way the trial function (3) is a generalization of the trial function presented in [18] for the field free case. It reproduces two physical situations: for small internuclear distances the trial function (3) mimics the interaction H We consider a trial function which is a superposition of three Ansätze: a general Ansatz of the type (3), a H − H type Ansatz and a H + 2 + e type Ansatz
where A 1,2,3 are linear variational parameters. Each Ansatz has its own set of variational parameters. Without loss of generality A 1 may be set equal to the unity, therefore the total number of variational parameters is 27 including the internuclear distance R and ξ as variational parameters.
In the singlet state (S = 0) the trial function (4) must be symmetric with respect to the exchange of the electrons and in the gerade (g) state the trial function (4) must be symmetric with respect to the exchange of nuclei. Therefore the operator
whereP ab is the operator of symmetrization of nuclei andP 12 is the operator of symmetrization of the electrons, must be applied to the trial function (4).
The calculation of the variational energy using the trial function (3) involves two major parts: (i) 6-dimensional numerical integrations which were implemented by an adaptive multidimensional integration C-language routine (cubature) [19] , and (ii) a minimizer which was implemented with the Fortran minimization package MINUIT from CERN-LIB. Our C-Fortran hybrid program was parallelized using MPI. The 6-dimensional integrations were carried out using a dynamical partitioning procedure: the domain of integration is manually divided into sub-domains following the profile of the integrand. Then each sub-domain is integrated on separated processors using the routine CUBATURE. In total, we have a subdivision to 960 subregions for the numerator and ∼ 1000 for the denominator of the variational energy. With a maximal number of sampling points ∼ 10 8 for the numerical integrations for each subregion. The time needed for one evaluation of the variational energy (two integrations) takes 2×10 3 seconds (∼ 37 min) with 96 processors at the cluster KAREN (ICN-UNAM, Mexico). It was checked that this procedure stabilizes the estimated accuracy to be reliable in the first three-four decimal digits. However, in order to localize domain, where minimal parameters are, the minimization procedure with much less number of sample points was used in each sub-domain and a single evaluation of the energy usually took ∼ 15 − 20 mins. Once a domain is roughly localized the number of sample points increased by a factor ∼ 10 2 . Typically, a minimization process required several hundreds of evaluations.
As a general strategy, the variational energy corresponding to the general Ansatz only is calculated in first place. Then, either the H − H type Ansatz or the H + 2 + e type Ansatz is added as a first correction (depending on which configuration yields better variational results) and the energy is minimized using the superposition of two Ansatze. Then, finally, the remaining configuration is included in the final trial function and a final minimization is carried out. The whole process is very lengthly and cumbersome due to absence of fast minimization procedure. Computations were mainly performed in parallel with the cluster ROMEO from the University of Reims, France and the cluster KAREN (ICN-UNAM, Mexico) both with 96 processors.
IV. RESULTS
The electronic energies and the equilibrium distances of H 2 in the 1g state are presented in Table I for magnetic fields with magnitude B = 0, 0.1 and 0.2 a.u. We studied the geometrical configurations with angles θ = 0
• , 45
• and 90
• between the magnetic field direction and molecular axis with great details, while for the angles θ = 15
• , 30
• and 60
• , 75
• it was done as test calculations to check smoothness of angular dependence. For all inclinations the potential energy curve E vs R exhibits a well pronounced minimum at a finite internuclear distance R. As the magnetic field increases, for given inclination the system becomes more bound (the binding energy increases) and more compact (the internuclear equilibrium distance reduces), see Table I . For a given magnetic field, the equilibrium distance R shows a small decrease with increase in the inclination angle increase from θ = 0 to 90
• . Such a decrease in R eq is bigger for the larger magnetic field B = 0.2 a.u. From the results collected in Table I it is clear that for all magnetic fields studied, the optimal configuration corresponds to the parallel configuration as it is expected.
V. POTENTIAL ENERGY CURVES
Potential energy curves E vs R of the state 1 g of the H 2 molecule in magnetic fields
• are built from variational results obtained in domain R ∈ [1, 2] a.u. and extended beyond following the procedure discussed in [21] for approximating potential curves in diatomic molecules (see also references therein). It is evident that the asymptotic behavior of the electronic energy of H 2 at small distances R → 0 is given by
where E He (B) is the ground state energy of the Helium atom in a magnetic field (B) (the so-called united atom limit), and the coefficient in front of R depends on the magnetic field Table I : Total electronic energy and equilibrium distance of H 2 in the state 1 g as a function of the magnetic field B and inclination θ as described by the trial function (4) . Results marked with a † from Ref. [14] and results marked with ‡ are from [20] (rounded). The binding energy for θ = 0 with respect to dissociation H + H shown. The energies for H atom in ground state taken from [9] .
and the inclination θ, c 1 = c 1 (B, θ); at B = 0 this coefficient vanishes c 1 = 0 (see [21] and references therein). As for the asymptotic limit R → ∞, the expansion of the energy E is given by
where E 2H (B) is the energy of two (infinitely separated) Hydrogen atoms in their ground state in the magnetic field of strength B, the term ∝ 1/R 5 corresponds to the quadrupolequadrupole interaction (repulsive for 0, 90
• and attractive for 45
Hydrogen atoms in the magnetic field (which is the leading order interaction at R → ∞).
The term ∝ 1/R 6 corresponds to the induced dipole-dipole interaction (in second order perturbation theory in 1/R for B = 0) between two separated Hydrogen atoms (see [11] and [8] ). The coefficients c 5,6,7 can depend on the magnetic field strength and inclination c 5,6,7 = c 5,6,7 (B, θ). In absence of a magnetic field c 5,7 = 0. In general, the quadrupolequadrupole interaction energy (in a.u.) is given by
where Q zz is the quadrupole moment of the Hydrogen atom in a magnetic field of strength B (see [11] ), P 4 is 4th Legendre polynomial. Thus, the coefficient c 5 is known. For weak magnetic fields B we use the approximation the quadrupole moment in perturbation theory (see [22] )
Now we interpolate both asymptotic expansions (6) and (7) via the two-point Padé approximant P ade[N/N + 4](R) with N = 2 as the minimal degree, which guarantees that the expansions (6) and (7) are described functionally correct,
where the constraints
are imposed in order to reproduce the first two leading terms in (6) exactly plus the condition
, it implies the relation
Without loss of generality we can set a 0 = 1. Therefore, we have six free parameters a 1 , In general, the curves (10) reproduce four decimal digits (d.d.) in energy at R ∈ [1, 2] a.u.
VI. MAGNETIC SUSCEPTIBILITY
Trial function (4) in spite of its simplicity incorporates accurately the major physical features of the H 2 molecule in a magnetic field. In order to verify this assertion for weak magnetic fields we calculated the magnetic susceptibility. For the estimation of such magnetic susceptibility we follow the recipe used in our previous work on H + 2 [13] . The first step is to consider the definition of the magnetic susceptibility via the Taylor expansion of the electronic energy in powers of B 
In principle, the total magnetic susceptibility can be obtained directly using the Taylor expansion (11) of the energy potential curve E = E(B, R, θ)
for fixed θ in powers of B, but taking into account that the equilibrium distance R eq (B, θ) changes with B, it is a quite complicated procedure. It is easier to calculate numerically the energy evolution with B at minimum of the energy potential curve at fixed inclination.
Then we interpolate this curve E(B) near the origin (B = 0) using a polynomial of finite degree in B. The total susceptibility χ will be related to the coefficient E (2) , in front of B 2 , as χ = −2E (2) .
As for the diamagnetic susceptibility term χ d , it can be expressed as the expectation value with respect to the field-free wavefunction at equilibrium distance. The expression of the diamagnetic susceptibility tensor is
where r i is the position vector of the i-th electron and α = 1, 2, 3 marks its components. If the magnetic field direction is chosen along the z-axis, B = Bẑ , the tensor χ d contains a
For identical electrons we can use the fact r 1α = r 2α = r α for all the components of the position vector. Finally, the paramagnetic contribution to the susceptibility can be evaluated as the difference χ p = χ − χ d . In general, the paramagnetic susceptibility is much smaller than the diamagnetic part.
Susceptibilities are presented in Table III for different inclinations θ and compared with the experimental data, when possible, as well as with other calculations. In general, all susceptibilities grow with the inclination. For θ = 0 our χ d is larger than ones obtained in [23] , [24] , closer to experimental data being different from experimental data in one portion ×10 −3 . As for θ = 45
• susceptibilities are calculated for the first time. While for θ = 90
• our χ d agrees in 2 d.d. with [24] and differs from experimental data in 2 × 10 −2 , as for χ p it is superior to the value calculated at [25] and differs from experimental data in ∼ 1%.
Thus, our results of the susceptibility agree very well with the experimental data and with other calculations. Table I in [26] for the diamagnetic susceptibility and from Table XIII in [25] for the paramagnetic susceptibility. Results marked as a from [23] , b from [24] , c from [25] .
VII. ROVIBRATIONAL LEVELS
The lowest rovibrational states of H 2 and D 2 were calculated for the field strengths B = 0.1 B 0 and B = 0.2 B 0 , where B 0 = 2.35 × 10 9 Gauss = 2.35 × 10 5 T, as described in [13] .
To keep the present paper self-contained, the method is briefly summarized below. Starting point is the nuclear Hamiltonian expressed in spherical coordinates,
Here, M s denotes the total mass of the nuclei,L z is the projection of angular momentum along z-axis and θ the angle between the molecular and the z-axis. The two-dimensional potential,Ṽ (R, θ), is parametrized as a hindered rotator, where only the lowest expansion term is maintained, to yield
V 90 (R) =Ṽ (R, 90) −Ṽ (R, 0) is the barrier height for a given value of R.
The rovibrational wave function can be expanded in terms of vibrational and rotational basis functions as
where ξ v (R; θ ′ ) are solutions of the vibrational part of Eq. (14) at the reference orientation 
The terms in parentheses are Wigner 3j-symbols. The matrix Eq. (17) We have computed the lowest rovibrational states for H 2 and D 2 . Allowed rovibrational states must obey the permutational symmetry of the two identical nuclei. In the case of H 2 , with two fermions, the symmetry of the vibrational and rotational parts of the rovibrational wavefunction must be opposite, while in the case of D 2 , with two bosons, it must be the same. For a rovibrational state of given vibrational quantum number, v, and projection of the angular momentum on the magnetic field axis, M, the z-parities are thus
for H 2 , and
The results of our calculations for the lowest vibrational states, v = 0, 1, 2, 3 and M ≤ 5 are presented in Tables IV-VII for H 2 and in Tables VIII-XI • for the first time), they closely described experimental data and agree very well (or superior) with other calculations. The two-dimensional potential energy surfaces were built for                                                                                                                                               Table IV Table IV for 
